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A NOTE ON ANALYTICAL REPRESENTABILITY OF MAPPINGS 
INVERSE TO INTEGRAL OPERATORS 
M.I.OSTROVSKII 
Abstract. The condition onto pair (F, G) of function Banach spaces under which 
there exists a integral operator T : F — > G with analytic kernel such that the inverse 
mapping T _1 :imT — > F does not belong to arbitrary a priori given Borel (or Baire) 
class is found. 

We begin with recalling some definitions [4, §31. IX]. Let X and Y be metric spaces. 
By definition, the family of analytically representable mappings is the least family of 
mappings from X to Y containing all continuous mappings and being closed with respect 
to passage to pointwise limit. 

This family is representable as an union U ae n$ Q , where is the set of all countable 
ordinals and $ Q are defined in the following way. 

1. The class $o is the set of all continuous mappings. 
\ 2. The class > 0) consists of all mappings which are limits of convergent 

sequences of mappings belonging to U^ <Cf $^. 
^ ■ A mapping / : X — > Y is called of a Borel class if the set / _1 (-F) is a Borel set of 

j-y { '. multiplicative class a for every closed subset F CY. 

It is known [1], [11], if Y is a separable Banach space, then the class $ Q coincides 
with the a Borel class for finite a and with a + 1 Borel class for infinite a. In addition 
[12], if Y is a Banach space, then the class of all regularizable mappings from X to Y, 
imortant in the theory of improperly posed problems coicides with $i. 

The present paper is devoted to the following problem. Let F and G be Banach 
■ function spaces on [0,1] and T : F — > G be an injective integral operator with analytic 

kernel. What class of analytically representable functions can the mapping T~ l : TF — > 
^ ! F belong to? 

CO | Let us give some clarifications. 

1. By analytic kernel we mean the mapping K : [0, 1] x [0, 1] — > C with the following 
property: For some open subsets Y and A of C such that [0, 1] C T and [0, 1] C A, 
there exists an analytic continuation of K to V x A. 

2. If the spaces are real then we consider mapping K taking real values on [0, 1] x 
[0,1]. 

The main result of the present paper states that for wide class of pairs (F, G) and 
every countable ordinal a there exists an injective integral operator T : F — > G with 
an analytic kernel such that T -1 : TF — > F does not belong to $ Q . 

This result is a generalization of the Menikhes' result [6] . The last states that there 
exists an integral operator from C(0, 1) to L 2 (0, 1) with infinite differentiable kernel 
and nonregularizable inverse. A.N.Plichko [9] generalized this result onto wide classes 
of function spaces. The relations of our results with the results of [9] will be discussed 
in remark 3 below. 

We use standard Banach space terminology and notation, as may be found in [5]. 
For a subset A of a Banach space X by cL4, \m.A and A x we shall denote the closure 
of A in the strong topology, the linear span of A and {x* G X* : (Va; G A)(x*(x) = 0)} 
respectively. For a subset A of X by A T we shall denote {x G X : (Vx* G A)(x*(x) = 
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0)}. By w* — lim we shall denote the limit in the weak* topology. 

In the present paper we restrict ourselves to the case when F is a separable Ba- 
nach function space on the closed interval [0,1] continuously and injectively embedded 
into Li(0, 1). It is clear that classical separable function spaces satisfy this condition. 
The case of nonseparable spaces continuously and injectively embedded into Li(0, 1) is 
discussed in remark 4 below. 

Let T be a bounded open subset of the complex plane such that T D [0, 1]. Let 
/ : T — > C be an analytic function continuous on the closure of T . (If we consider real 
spaces then we assume in addition that / takes real values on the real axis.) Function 
/ generates a continuous functional on Li(0, 1) by means of the formula 



Since F is continuously embedded into Li(0, 1) then / generates a continuous func- 
tional on F . Let us denote by U the subset of F* consisting of all functionals of such 
type. Let M=c\U. It is clear that M is a closed subspace of F*. 

Every element of F may be considered as a functional on M. The corresponding 
embedding of F into M* we denote by H. 

Remark 1. The subspace M is a total subspace of F*. It follows from the following 
facts: 1) F is injectively embedded into Z/i(0, 1); 2) the set of functionals generated by 
polynomials is total in (Li(0, 1))*. 

The main result of the present paper is the following 

THEOREM 1. Let c\(H(F)) be of infinite codimension in M* and let G contains 
a linearly independent infinite sequence of functions which have analytic continuations 
onto some open region A of the complex plane such that A D [0, 1]. Then for every 
countable ordinal a there exists a linear continuous injective integral operator T : F — > 
G with analytic kernel such that T _1 : TF — > F does not belong to $ Q . 

Let us introduce necessary definitions. Let X be a Banach space. Weak* sequential 
closure of a subset V of X* is defined to be the set of all limits of weak* convergent 
sequences from V. Weak* sequential closure will be denoted by V(i). For ordinal a 
weak* sequential closure of order a of a subset V of X* is defined by the equality 

V{a) = U/3<a(V(j3))(i). 

THEOREM 2 (A.N.Plichko [10]). Let X be a separable Banach space and Y be 
an arbitrary Banach space. Let T : X — > Y be a continuous linear injective operator. 
Let T -1 : TX -> X belongs to $ Q . If a is finite then (T*Y*) (a) = X*. If a is infinite 
then (T*F*)( Q+2 ) = X*. Conversely, if a is finite and (T*Y*)( Q ) = X* or if a is infinite 
and (T*y*)( a+ i) = X*, then the mapping T~ l : TX — > X belongs to $ Q . 

The proof of Theorem 1 is based on Theorem 2 and the following proposition. 

Proposition. Let F and M satisfy the assumptions of Theorem I. Then for every 
countable ordinal (3 there exists a subspace K of M such that ^ F* . 

Proof. Using the result due to Davis and Johnson [2, p. 360] we find a weak* 
null sequence {m„}^ ( L 1 in M and a bounded sequence {t^}^ in F** such that for some 
partition of the set of natural numbers onto the pairwise disjoint infinite subsets 
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we shall have 

, , f 1, if n G 4; 



0, if n & I k . 

Using the arguments from the proof of Theorem III. 1 in [3] we select a weak* basic 
subsequence {« n (i)}™i C {■u ra }^L 1 such that the intersection 1^ D is infinite 

for every k G N. Passing if necessary to a subsequence and renumbering {u n ( i )} c *L l we 
obtain the sequence {yj}^L Q such that 

/ \ _ / 1, if j can be represented in the form j = n(n + l)/2 + k with k < n; 
u *wJ-\0, if it is not the case. 

Definition of the weak* basic sequence implies that the space Z = F/{{yj} ( jLo) T has 
the basis {z,,}°^ such that Uj(zk) = Sj t k- It is easy to see that the sequence {zj}JL$ is 

bounded away from zero and that the set {Yn=j z i(i+i)/2+j}'j^o,k=j * s bounded. 

We may assume without loss of generality that ||zj|| < 1 for every % G N. Using the 
arguments from the proof of lemma 1 in [7] we find a subspace N of cl(lin{yj}^l ) and 
a bounded sequence {/i„}^ =1 in Z** such that the following conditions are satisfied: 

a) If a weak* convergent sequence {^}~ =1 is contained in 7V( 7 ) for some 7 < (5 and 
x* = w* — limm^oo x* m then 

h n (x*) = lim h n (x* m ) 

for every n G N. 

b) There exists a collection {x* n ^ m }^^ m=l of vectors of such that for every 
k, n G N we have 

w* — lim x*. = 0; 



(VmeN)(fc;«J = * M ). 

Let {s*,}^ be a total (over F) sequence in M. Let C\ = sup n \ \h n \\. Let z/„ > (n G N) 
be such that £^=i i/ n < l/(2ci). 

We shall identify Z* with its natural image in F*. Without loss of generality we may 
assume that Z* ^ F*. 

Let us denote by g n (n G N) norm-preserving extensions of h n onto F*. Let us 
introduce the operator R : F* — > F* by the equality 

00 

n=l 

It is easy to check that \\R — I\\ < 1/2 (where I is the identity operator), hence R is 
an isomorphism. 

Let K = R(N). In the same way as in [7] we prove that for every 7 < f3 we have 

K {1) = R(N {1) ). (1) 

Since R is an isomorphism then relations = R(N^) and C Z* ^ F* imply 
that K(js) 7^ F*. At the same time (1) and b) imply that R(x* nm ) = x* nm + v n s* n G K^) 
and therefore s* G if^+i). By the totality of {s*} it follows that the subspace K C F* 
is total. The proof of the proposition is complete. 
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Proof of Theorem 1. Using the proposition for (3 = a + 2 we find a subspace K 
of M such that K^ a+2 ) ^ F*. Using well-known arguments (see e.g. [5, p. 43,44]) we 
find a fundamental minimal sequence {fi}°Zi in the space F such that its biorthogonal 
functional {f*}^Zi are total and are contained in K. It is easy to see (see e.g. [8]) 
that there exists an isomorphism S : F — > F such that functionals S*f*(i G N) are 
contained in U . Let us introduce the notation g* = S*f*(i G N). It is clear that 

(d(MK}~i))W) + F *. (2) 

Reducing if necessary the domain A we may assume that A is bounded and that G 
contains a linearly independent sequence of functions which have analytic continuations 
onto A which are continuous on the closure of A. Using standard biorthogonalization 
procedure (see e.g. [5, p. 43,44]) we find a minimal sequence {qi\ c *l l in G such that 
there exist analytic continuations of {qi\ c *L 1 to A which are continuous on the 

closure of A. 

Let us introduce numbers 

di = max{||gi|| G ,sup \qi{t)\}, (i G N). 
teA 

Let Ti(i G N) be functions analytic in T and continuous on the closure of T such that 
functionals generated by them on F coincide with g*(i G N). Let us introduce the 
numbers 

k = max{||#*|| F *,sup (i G N). 

Let us introduce the operator T : F — > G by the equality 

oo 

nf) = Y / 9KfW(2 l a l b l )- (3) 

1=1 

This operator may be considered as an integral operator with the kernel 

oo 

K{t 1 ,t 2 ) = Y > r i {t 1 )q i (t 2 )/(2 i a i b i ). 
i=i 

By the definitions of and 6, it follows that this series converges to a function analytic 
in T x A. 

Operator T is injective since the sequence {g*}°Z± is total and the sequence {qi}^ is 
minimal. It is easy to see that T*G* Ccl(lin({^*}~ 1 )). By (2) we obtain {T*G*) {a+2) ^ 
F*. By Theorem 2 it follows that T~ l does not belong to $ a . The theorem is proved. 

Remark 2. It is easy to see that if F and G are infinite dimensional function spaces 
and T : F — > G is an injective integral operator with an analytic kernel then G satisfies 
the condition of Theorem 1. 

Remark 3. If the subspace M C F* is norming then the infinite codimension 
of cl(H(F)) in M* is equivalent to the infinite codimension of lin(M J - U F) in F**. 
Therefore Theorems 1 and 2 of [9] may be obtained using the arguments of the present 
paper. Furthermore, it follows that many of the spaces considered in [9] satisfy the 
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condition of Theorem 1 of the present paper. In particular it is the case for classical 
nonreflexive spaces. 

Remark 4. Let F be a nonseparable function space, which is continuously injec- 
tively embedded into Li(0, 1), and G is the space satisfying the condition of Theorem 1. 
Let {g*}iZi be a total sequence in F* such that functionals g*(i G N) are represented by 
functions analytic in the same open subset containing [0,1]. Let be the sequence 

introduced in the proof of Theorem 1. Let us introduce the operator T : F — > G by (3). 
The operator T is an injective integral operator with an analytic kernel. It is clear that 
the image of T is separable. Therefore the mapping T _1 : TF — + F is not analytically 
representable since the image of the separable space under the action of analytically 
representable mapping is separable. 
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